Deformed shell structures in nuclear mean-field potentials are systematically investigated as functions of deformation and surface diffuseness. As the mean field model to investigate nuclear shell structures in wide range of mass numbers, we propose the radial power-low potential model, V ∝ r α , which enables us a simple semiclassical analysis by the use of its scaling property. We find remarkable shell structures emerge at certain combinations of deformation and diffuseness parameters, and they are closely related to the periodic orbit bifurcations. In particular, significant roles of the "bridge orbit bifurcations" for normal and superdeformed shell structures are pointed out. It is shown that the prolate-oblate asymmetry in deformed shell structures is clearly understood from the contribution of bridge orbit to the semiclassical level density. The roles of bridge orbit bifurcations to the emergence of superdeformed shell structures are also discussed.
I. INTRODUCTION
Shell structures in single-particle energy spectra play essential roles in nuclear ground-state deformations. As a phenomenological mean-field potential, modified oscillator (MO) and Woods-Saxon (WS) models are successfully employed in shell correction approach. For a simpler and qualitative descriptions of the properties of shell structures, harmonic oscillator (HO) and infinite-well (cavity) potentials are frequently aided for light and heavy systems, respectively. Axiallysymmetric anisotropic HO potential model successfully explain the magic numbers of light nuclei, emergence of superdeformed shell structures, etc. For heavier nuclei, radial profile of the potential around the nuclear surface becomes more sharp and it looks more similar to square well potential. In order to prevent from complexity of treating continuum states, WS potential is sometimes approximated by infinite well potential (cavity). The cavity system, as well as HO system, is integrable under spheroidal deformation due to the existence of a non-trivial dynamical symmetry, and several classical and quantum mechanical quantities are obtained analytically. It also accepts several useful techniques to calculate quantum eigenvalue spectra, since Schrödinger equation is equivalent to the Laplace equation with Dirichlet boundary condition.
The HO and cavity systems have significant difference in deformed shell structures. The single particle spectra in deformed HO potential are symmetric in prolate and oblate sides, while those in cavity system are apparently asymmetric. Such asymmetry has been considered as the origin of so called prolate-shape dominance in nuclear ground-state deformations; a well-known experimental fact that the most of the ground-states of medium-mass to heavy nuclei have prolate shapes rather than oblate shapes. This prolate-shape dominance has been reproduced theoretically in microscopic calculations. Tajima et al. made a systematic Nilsson-Strutinsky calculations throughout the nuclear chart [1] and examined the distribution of ground-state deformations. In order to pin down the essential parameter which causes prolate-shape dominance, they varied the strengths of l 2 and ls terms in Nilsson Hamiltonian, and found that the prolate-shape dominance occurs under strong correlation between l 2 and ls terms. The recent analysis by Takahara et al. based on WoodsSaxon-Strutinsky calculations also support those results [2] . Hamamoto and Mottelson compared the oblate and prolate deformation energy in spheroidal HO and cavity models and found the prolate-shape dominance only in cavity model. They considered the origin of that prolate-shape dominance as the asymmetric way of level fanninngs in prolate and oblate sides for a potential with sharp surface, and show that the above asymmetry is explained from the different roles of interaction between single-particle levels in prolate and oblate sides [3] .
We expect that the semiclassical periodic-orbit theory (POT) holds the key for deeper understandings of above shell structures responsible for prolate-shape dominance. In semiclassical theory, quantum mechanical quantities can be related to classical mechanical variables associated with classical orbits. In the periodic-orbit theory (POT), density of states is represented as the sum over contribution of classical periodic orbits:
The sum on the right-hand side is taken over all classical periodic orbits β which exist for energy E. Each periodic orbit (PO) β changes its shape with increasing energy E, and the action integral S β = β p · dr along the orbit is, in general, a monotonically increasing function of E. Thus, each cosine term in the PO sum (1.1) is a regularly oscillating function of energy whose period of oscillation δ E is given through the relation
where T β = ∂ S β /∂ E is time period of the orbit β . Therefore, a gross shell structure (large δ E) is associated with short periodic orbits (small T β ).
The relation between coarse-grained quantum level density oscillations and classical periodic orbits in spherical cavity model was first discussed by Balian and Bloch [4] . They show that the modulations in quantum level density oscillations are clearly understood as the interference effect of periodic orbits with different lengths. This idea has been successfully applied to the problem of supershell structure in metallic clusters [5] . Strutinsky et al. [6] applied periodic orbit theory (POT) [4, 7] to the cavity model with spheroidal deformation and discussed the properties of deformed shell structures in medium-mass to heavy nuclei in terms of classical periodic orbits [6] . Frisk made more extensive POT calculations to reproduce quantum level density by the semiclassical formula [8] . He also suggested the relation between classical periodic orbits and prolate-oblate asymmetry in deformed shell structures, which might be responsible for prolate-shape dominance discussed above. Those works have proved a virtue of semiclassical POT for a clear understanding of properties of finite quantum systems.
It should be emphasized here that unique deformed shell structures are developed when the contribution of certain periodic orbit are considerably enhanced. The magnitude of shell effect is related with the amplitude factor A β in Eq. (1.1). This amplitude factor has important dependency on the stability of the orbit, which is generally very sensitive to the potential parameters such as deformations. In particular, stability factor sometimes exhibit significant enhancement at periodic orbit bifurcation, where new periodic orbits emerge from an existing periodic orbit. Near the bifurcation point, classical orbits surrounding the stable periodic orbit form a quasi-periodic family, which make coherent contribution to the level density. This is an important mechanism for the growth of deformed shell structures.
A typical example is so-called superdeformed shell structure. It is known that single-particle spectra exhibit remarkable shell effect at very large quadrupole-type deformation with axis ratio around 2:1. In anisotropic HO model, this shell structure is related with the periodic orbit condition; all the classical orbits become periodic at ω ⊥ = 2ω z and they make very large contribution to the level density fluctuation. In the cavity model, one also finds significant shell effect around 2:1 deformation, and it is related with the bifurcations of equatorial periodic orbits through which three-dimensional (3D) periodic orbits emerge [9, 10] . It should be interesting to explore the intermediate situation between the above two limits, which might correspond to the actual nuclear situation.
Our purpose is to understand the transition of deformed shell structure from light to heavy nuclei in terms of classical periodic orbits. It requires a mean-field like WS potential model. Periodic orbits in spherical and deformed WS potentials have been examined by Arvieu et al. [11, 12] , but their relation to quantum level densities have not been discussed. The inner region of WS potential is nicely approximated by powerlaw potential which has simpler radial dependence V ∝ r α . This approximation simplify both quantum and classical calculations and one can achieve clear quantum-classical correspondence via Fourier transformation technique.
Thus, in the current paper (Part I), we focus on the radial dependence of the mean field potential (effect of surface diffuseness, described by the l 2 term in the Nilsson model) and examine the shell structures systematically as functions of deformation and surface diffuseness. As pointed out by Tajima et al., spin-orbit coupling play also an important role in prolateshape dominance. The effect of spin-orbit coupling will be discussed in the forthcoming paper (Part II).
This paper is organized as follows. In Sect. II, we discuss the quantum and classical properties of power-law potential model. The scaling properties of the model are described and the Fourier transformation techniques are formulated. In Sect. III, quantum mechanical density of states and shell structures in spherical power-law potential are examined. Some analytic expressions for periodic orbit bifurcations and semiclassical formula are given, and quantum-classical correspondence is discussed. It is shown that bifurcations of circular orbit play essential role in unique shell structures which appear at several values of radial parameter α. In Sect. IV, shell structures are examined against spheroidal deformation parameter. Semiclassical origin of prolate-oblate asymmetry in deformed shell structures and that of superdeformed shell structure are investigated. Special attention is paid on what we call "bridge orbit bifurcations". Section V is devoted to summary and conclusion.
II. THE POWER-LAW POTENTIAL MODEL

A. Definition of the model
It is known that the central part of the nuclear mean field potential is approximately given by the Woods-Saxon (WS) model
The depth of the potential is W ≃ 50 MeV, surface diffuseness is a ≃ 0.5 fm and nuclear radius is R A ∼ 1.2 A 1/3 fm for a nucleus with mass number A. For small A, the inner region of this potential can be approximated by harmonic oscillator (HO). For large A, the inner region of the potential is flat (V ≈ −W ) and sharply drops to zero at the surface, which looks more similar to square well potential. In Ref. [6] , shell energy of deformed WS potentials are compared with those for HO and infinite square-well (cavity) potentials. Deformed shell structures in WS model are similar to those of HO model for light nuclei, while they are more like those of cavity model for medium-mass to heavy nuclei. Our aim is to understand the above transition of deformed shell structure from the view point of quantum-classical correspondence. For the above purpose, we take the radial dependence of the potential as r α , which smoothly connect HO (α = 2) and cavity (α = ∞) potentials by varying the radial parameter α: This power-law potential, having simple radial profile, is easy to treat in both quantum and classical mechanics in comparison with WS model. Since the inner region of WS potential is nicely approximated by the power-law potential (see Fig. 1 ), the quantum spectra below Fermi energy for both potential models show fairly nice agreements in wide range of radial parameter α (see Fig. 2 ).
In Fig. 1 , the radial parameter α is determined so that the power-law potential best fit the inner region of WS potential. As a simple local matching, one may equate the derivatives of two potentials at the nuclear surface r = R A , which gives
Thus, the radial parameter α controls the surface diffuseness. For a global fitting, we take more elaborate way which minimize volume integral of squared potential difference within nuclear radius R A ;
The value of α numerically obtained by Eq. (2.4) has an approximately linear dependence on R A /a,
which has similar dependence on surface diffuseness a as the result of local fitting (2.3). In Fig. 2 , we use the relation (2.5) for the comparison of quantum spectra between WS and power-law potentials. Thus, we can employ this power-law potential model for the study of realistic nuclear shell structures from light to heavy nuclei.
B. Scaling properties
There is a great advantage to replace WS potential with the power-law potential. The power-law potential has useful scal- ing properties, which highly simplifies our semiclassical analysis. In the following, we eliminate the constant term −W in Eq. (2.2) and consider the Hamiltonian for a particle of math m moving in the deformed power-law potential as
Here, R and U are constants having dimension of length and energy, respectively. The dimensionless function f (θ , ϕ) determines the shape of the equi-potential surface, and it is normalized to satisfy volume conservation condition
Under suitable scale transformation of coordinates, energy eigenvalue equation is transformed into a dimensionless form The values of α, R and U for several A are listed in Table I . The scaling property of the system is particularly advantageous in the analysis of classical dynamics. Since the potential is a homogeneous function of coordinates, Hamilton's equations of motion have the invariance under the following scale transformation
Therefore, classical phase space structure is independent of
The ordinary (non-scaled) period of the orbit β is then given by
It is convenient to express periodic-orbit quantities in terms of E and τ in place of E and T . In HO-type potentials (α = 2), E and τ are proportional to ordinary energy E and period T , respectively. In cavities (α = ∞), they are proportional to momentum p and orbit length L, respectively.
C. Semiclassical level density
Let us consider the single-particle level density for the Hamiltonian (2.6). Average level densityḡ(E) is given by Thomas-Fermi (TF) theory 15) which is independent of deformation under volume conservation condition (2.7). B(s,t) represents Euler's beta function defined by
By transforming energy E to a scaled energy E, one obtains the scaled-energy level density
Using (2.15), the average part is given bȳ
Correction to the TF density is obtained by the extended Thomas-Fermi (ETF) theory [13, 14] 
For spherical case, we have the expression
and the average number of levels up to energy E (E) is given byN
In Fig. 3 , quantum-mechanically calculated coarse-grained level density
and number of levels are compared with ETF results. One sees that ETF (TF) correctly describes the average properties of quantum results. In these plots, difference between ETF and TF is invisibly small. Next we rewrite the trace formula (1.1) using scaled energy and scaled periods. Semiclassical formula for scaled-energy level density is expressed as
For an isolated orbit β with n repetitions, amplitude factor is given by the standard Gutzwiller formula [7, 14] ,
In the last equation, we used Eq. (2.14). M β represents the monodromy matrix [14, 15] , which is a linearized Poincaré map defined by
where (r ⊥ (t), p ⊥ (t)) are the coordinates and momenta perpendicular to the periodic orbit β as functions of time t, and T β is the period of the orbit.
In a two-dimensional autonomous Hamiltonian system, monodromy matrix M is a (2 × 2) real and symplectic matrix,
and its eigenvalues appear in one of the following three forms:
(a) (e u , e −u ): hyperbolic with no reflection
The orbit is stable in the case (b) and otherwise unstable, and stability of the orbit is determined by the trace of monodromy matrix. The stability factor in (2.24) is also determined by the trace of monodromy matrix:
The eigenvalues of M (and therefore Tr M) are independent of a choice of Poincaré surface or a choice of canonical variables. These eigenvalues continuously vary as deformation changes, and it happens that they become unity at certain values of deformation, namely, u = 0 in (a) or v = 0 in (b). At those deformations, Poincaré map acquires a new fixed point in the direction of eigenvector δ Z 1 belonging to the unit eigenvector:
In this way, periodic orbit bifurcation occurs at Tr M = 2. The number of new emerging orbits is dependent on the type of the bifurcation [16] . When a stable (unstable) orbit undergoes pitchfork bifurcation, it turns unstable (stable) and a new stable (unstable) orbit emerges from it. When a stable orbit undergoes period-doubling bifurcation, a pair of stable and unstable orbits will emerge. In a three-dimensional Hamiltonian system, the size of monodromy matrix becomes (4 × 4). Under axial symmetry, periodic orbits degenerate with respect to the rotation, and the monodromy matrix has unit eigenvalue corresponding to the direction of the rotation. Thus, excluding the rotational degrees of freedom, stability of the orbit is described by (2 × 2) symmetry-reduced monodromy matrix and it has the same properties as in the two-dimensional case. For such degenerate orbits, the trace formula is modified into what given by extended Gutzwiller theory [14, 17] . Their amplitude is proportional to the stability factor similar to that in (2.24), but with symmetry-reduced monodromy matrixM β . For fully degenerate orbits in integrable system, one can use Berry-Tabor formula [18] .
In general, the stability factor | det(I −M n β )| −1/2 has strong dependence on the deformation parameter, and is responsible for the sensitivity of shell structures upon deformations. The divergence of the Gutzwiller amplitude (2.24) based on standard stationary phase method can be remedied by improved treatment of trace integral in phase space (e.g., uniform approximations [19] [20] [21] and improved stationary-phase method [10, 22] ) but the amplitude may suffer strong enhancement around the bifurcation point. Since monodromy matrix has unit eigenvalue there, a local family of quasi-periodic orbits are formed in direction of eigenvector δ Z 1 belonging to the unit eigenvalue, and they make coherent contribution to the level density. Our previous studies have proved that bifurcations of short periodic orbits play significant role in emergence of deformed shell structures [9, 10, [22] [23] [24] .
One should however note that the above enhancement is not always found for every bifurcations. The significance of bifurcation depends on the normal form parameters which describe nonlinear dynamics around the periodic orbit at the bifurcation points. In Ref. [25] , uniform approximation remedies the divergence problems which one encounters at bifurcation points in standard stationary phase method, but the obtained amplitude show no enhancement around there. In Ref. [24] , we found very strong enhancement of amplitude around the bifurcation point for one certain orbit, but the same type of bifurcation in another orbit shows no enhancement. In our experience, significant growth of shell effect at a certain deformation is related with bifurcations of simple short periodic orbits.
D. Fourier transformation technique
Fourier transformation technique is especially useful in studying classical-quantum correspondence in the system with scale invariance. Let us consider the Fourier transform of scaled-energy level density
In the integrand, Gaussian is included in order to exclude the level density at high energy γE ≫ 1 where single-particle spectra are not obtained numerically in a good precision. By inserting the quantum level density
which can be easily calculated using quantum mechanically calculated energy eigenvalues {E n }. On the other hand, by inserting the semiclassical level density (2.23), one formally has the expression
Here, δ γ (z) represents a normalized Gaussian with width γ scaled periods of periodic orbits τ = nτ β . Therefore, by calculating Fourier transform of quantum mechanical level density, one can extract information on the significance of each periodic orbits contributing to semiclassical level density. The parameter γ implies the resolution of the periodic orbit in the Fourier transform. For a better resolution, larger number of good quantum energy levels (up to E max 2/γ) are required.
III. SPHERICAL POWER-LAW POTENTIALS
A. Quantum spectra and shell structures
Let us first examine the quantum spectra in spherical powerlaw potentials. In case of α = 2 (isotropic harmonic oscillator), energy levels with different angular momentum degenerate due to dynamical SU(3) symmetry. With increasing α, these degeneracies are resolved and shell effect becomes weaker. However, new types of prominent shell structures will emerge at certain values of α. The shell structure, a fluctuation in single-particle spectrum, brings about a fluctuation in energy of nuclei as functions of constituent nucleon numbers. This fluctuation part, which we call shell energy, is calculated by removing the smooth part from a sum of single-particle energies by means of Strutinsky method [26, 27] . Figure 4 displays shell energies as functions of particle (neutron or proton) number N for several values of α. For α = 4.0, one finds subshell structures with 3 bumps per each major shell which are more evident in large N regions. For α = 5.0, the subshell structure changes into that with 2 bumps per each major shell. For α = 8.0, the magnitude of major shell effect is considerably enhanced. The last one may indicate an enhancement of shell effect around medium-mass region. In the following subsections, we will show that the above unique shell structures can be explained as the effect of different types of periodic orbit bifurcations which take places around the above values of α.
B. Classical periodic orbits
In spherical power-law potential model, several simple analytic descriptions for the properties of the periodic orbits are available. Taking the orbits in (x, y) plane and putting the zcomponent of angular momentum to l z = K, 2-dimensional effective Hamiltonian in polar coordinates is written as
Circular orbit r(t) = r c (denoted by C) satisfies the condition
from which one obtains, for energy E,
and the angular frequency
The circular orbit is stable, and r(t) of the orbits in vicinities of the circular orbit oscillate around r c with angular frequency
Bifurcations occur when the ratio of those two frequencies ω c and Ω c becomes rational, namely, for period m-upling bifurcation. Here, a new orbit which oscillate n times in radial direction when it rotates m times along the orbit C emerges from m-th repetition of orbit C. The values of α at such bifurcations are given by
. . . . . . Figure 5 shows some periodic orbits (n, m) emerge from the circular orbit via period multipling bifurcations of circular orbit C.
In Fig. 6 we show Fourier amplitudes of quantum level density (2.29) plotted as functions of scaled period τ for several values of α. In the upper panel (α = 4.0), one sees a large peak at τ ∼ 17. This peak corresponds to 3rd repetitions of circular orbit, 3C, as well as orbit (7, 3) bifurcated from 3C at α = 31/9 = 3.44. Since these orbits have periods about three times as long as primitive circular orbit, the interference of their contribution to the semiclassical level density will show a shell structure such that a major shell is modulated by a small oscillations having triple frequency. Thus, the appearance of subshell structure found in the upper panel of Fig. 4 is understood as a result of bifurcation enhancement effect of orbit (7, 3) . In the middle panel, the highest peak at τ = 12 corresponds to the 2nd repetitions of circular orbit, 2C, as well as orbit (5,2) bifurcated from 2C at α = 4. In the lower panel, peak at τ ∼ 7 corresponds to the primitive circular orbit C 
IV. SPHEROIDAL DEFORMATIONS
A. Shape parametrization and quantum spectra
Axially-symmetric anisotropic harmonic oscillator potential system is integrable, and it has spheroidal equipotential surface. It is known that spheroidal deformed cavity (infinite well potential) system is also integrable. For spheroidal de- formation, shape function is written as
where R z and R ⊥ represent lengths of semiaxes of the spheroid which are parallel and perpendicular to the symmetry axis (zaxis), respectively. Taking account of the volume conservation condition R 
It is related with the axis ratio η = R z /R ⊥ by η = e δ . Spherical shape η = 1 corresponds to δ = 0 and prolate/oblate superdeformed shapes η = 2 ±1 corresponds to δ = ± log 2 ≈ ±0.69. The system with spheroidal power-low potential is non-integrable except for two limits α = 2 (HO) and α = ∞ (cavity). In Fig. 8 , we show Poincaré surface of section for α = 2, 5, 20 and ∞, each with η = √ 3 (δ ≈ 0.49). With increasing α > 2, some complex structures emerge in the Poincaré plots and it becomes most chaotic around α ∼ 20, then turns into simpler structure for extremely large α. Figure 9 shows the single-particle spectra as functions of spheroidal deformation parameter δ . The value of radial parameter is put α = 5.0, corresponding to medium-mass nuclei. The degeneracies of levels at spherical shape are resolved and shell structure changes as varying deformation. The level diagram is similar to what obtained for MO or WS models without spin-orbit coupling. One of its characteristic features in comparison to HO model is the asymmetry of deformed shell structures in prolate and oblate sides. This asymmetry becomes more pronounced for larger α, and it might be regarded as the origin of prolate-shape dominance in nuclear ground-state deformations. We shall discuss the semiclassical origin of the above asymmetry in the following subsections. In order to see the dependence on shape parametrization, we also calculated the deformed quantum spectra for quadrupole deformation, which might be more popular in earlier studies,
3)
The factor in the denominator arranges the conservation of volume surrounded by equipotential surface. Figure 10 show Poincaré surface of section for quadrupole deformations β 2 = 0.3 and 0.4 with α = 5.0. Comparing with right upper panel in Fig. 8 , one will see that the particle motions in quadrupole potential are more chaotic than those in spheroidal potential. Figure 11 shows the level diagram for quadrupole deformation. Although the properties of classical motions are quite different from those in spheroidal potential, the deformed shell structures are very similar to each other. Thus, the above difference of shape parametrization does not cause a serious difference in the gross shell structures at normal deformations. Notable effects of chaoticity in quadrupole potential can only be seen in the strong level repulsions at large deformations β 2 0.3. Therefore, we shall only consider the spheroidal deformation in the following analysis.
B. Prolate-oblate asymmetry in deformed shell structures
Let us examine the properties of deformed shell structures in normal deformation region (|δ | 0. and 11, single-particle spectra in a potential with sharp surface show prolate-oblate asymmetry. Hamamoto and Mottelson [3] paid attention on the different ways of level spreading (fanning) in oblate and prolate sides; level spreading is considerably suppressed in the oblate side as compared to the prolate side. Due to that suppression of level spreading, shell structures in the oblate shapes are similar to that of spherical shape and system has smaller chance to gain shell energy by means of oblate deformation. This may explain the feature of prolate-shape dominance. They have shown that the above asymmetric way of level fanning can be understood from the different roles of the interaction between low-K levels for level repulsions in oblate and prolate sides in a potential with sharp surface. It clearly explains the fact that the asymmetry becomes more pronounced for heavier nuclei e.g., in Woods-Saxon model [6] . The same kind of asymmetry is also found in the spectrum of Nilsson model. In spheroidal power-law potential model, the asymmetry in level fanning becomes more pronounced for larger α as expected. In the lower panel of Fig. 12 , spreading of some nl levels (n and l represent principal and azimuthal quantum numbers, respectively) is illustrated for α = 5.0. One sees that the level spreading is considerably suppressed in oblate side as in cavity potential.
It is interesting to note that if we take the radial parameter α < 2 (although it does not correspond to actual nuclear situations), the way of level fanning becomes just opposite to the case of α > 2. As one see in the upper panel of Fig. 12 ), level spreading is suppressed in the prolate side. One may ask if that should cause oblate-shape dominance.
Following the analysis in Ref. [3] , we calculate the deformation energy
and compare the energies in prolate and oblate sides at each local minima. Here, we assume the same single-particle spectra for neutrons and protons and only consider N = Z eveneven nuclei for simplicity. The sum of single-particle energies for nucleus of mass number A is given by
Using the Strutinsky method, the above energy can be decomposed into smooth partẼ sp (A) and oscillating part δ E(A). As in usual, we can expect that the above oscillating part represents the correct quantum shell effect of many-body system. In Strutinsky's shell correction method, the smooth part is replaced with the phenomenological liquid drop model (LDM) energy to get the full many-body energy, but here we try to extract the smooth part also from the single-particle energies.
In mean-field approximation, single particle Hamiltonian is written asĥ =t +Γ (4.6) wheret andΓ represent kinetic energy and mean-field potential, respectively, andΓ is currently given by the power-law potential. In this case, by the use of Virial theorem, average oft andΓ are in ratio 2 t = α Γ , and one obtains
Therefore, the smooth (average) part of the A-body energy is given approximately bỹ
This expression will be valid for many-body systems interacting with 2-body interaction. Thus, we calculate the A-body energy by Figure 13 compares the local minima of deformation energies (4.4) in prolate and oblate sides. At the HO value (α = 2.0), prolate and oblate deformed shell structures are symmetric and the deformation energies are comparable with each other. For α > 2 (two bottom panels), the deformation energies in prolate side become considerably lower than in oblate side as the radial parameter α becomes larger. The power-law potential model thus reproduce correctly the feature of prolate-shape dominance in nuclear deformation.
For α < 2, as shown in the top panel of Fig. 13 , we find no indication of oblate-shape dominance in spite of the feature of level fanning shown in the upper panel of Fig. 12 . Some nuclei have lowest energies at oblate shapes δ ∼ −0.3, but the difference in energies between prolate and oblate minima are generally small. Therefore, one cannot fully explain the prolate(oblate)-shape dominance only by the ways of level fanning. In order to analyze shape stability, we define shelldeformation energy using the smooth part of energy at spherical shape as reference,
with (4.8) and (4.9). (Note that the 2nd term of (4.10) is not E(A, δ ), so that ∆E contains smooth part of deformation energy.) Figure 14 of prolate-shape dominance, it is critical to explain the asymmetric behavior of the slopes of the energy valleys.
Since shell energy takes deep negative value when the single-particle level density at the Fermi energy is low, let us investigate the coarse-grained single-particle level density as functions of energy and deformation. Figure 15 shows the oscillating part of course-grained single-particle level density for α = 1.1 and 5.0 plotted as functions of deformation δ and scaled energy E. They show regular ridge-valley structures similar to shell energy. Therefore, for an understanding of prolate-shape dominance, it is essential to investigate the origin of the above ridge-valley structures in deformed singleparticle level density. In the following subsections, we will show that the above ridge-valley structure can be explained in connection with classical periodic orbits using semiclassical periodic-orbit theory. The thick solid curves in Fig. 15 represent the semiclassical prediction of the valley lines which will be discussed in Sect. IV D.
C. Periodic orbits in spheroidal potential
In order to examine the semiclassical origin of the above asymmetry in deformed shell structure using periodic orbit theory, we first consider the properties of classical periodic orbits in spheroidal power-law potential and their bifurcations. For spherical potential, all the periodic orbits are planar and degenerate with respect to rotations. The degeneracy parameter is K = 3 for generic orbits, and K = 2 for diameter and circular orbits which are transformed onto themselves by one of the rotations. If the spheroidal deformation is added to the potential, generic planar orbits bifurcate into two branches: One is the orbit in equatorial plane and the other is the orbit in meridian plane (plane containing symmetry axis). All but two exceptional orbits degenerate with respect to the rotation about symmetry axis, and the degeneracy parameter is K = 1. The diametric orbit bifurcate into degenerate equatorial diameter (K = 1) and isolated diametric orbit along symmetry-axis (K = 0). The circular orbit bifurcate into isolated equatorial circular orbit (K = 0) and oval orbit in meridian plane (K = 1). With increasing deformation towards prolate side (δ > 0), the equatorial orbits undergo successive period-multipling bifurcations and new 3D orbits emerge. In the oblate side, diametric orbit along the symmetry-axis undergoes successive period-multipling bifurcations and generate new meridian-plane orbits. These newborn 3D and meridian-plane orbits have hyperbolic caustics and are sometimes called "hyperbolic orbits".
It is very interesting to note that the above new-born hyperbolic orbits from equatorial orbits are distorted towards symmetry axis as increasing deformation and finally submerge into diametric orbit along symmetry-axis. (Some 3D orbits submerge into other hyperbolic orbits before submerging into symmetry-axis orbit at last.) In this way, the hyperbolic orbits make bridges between the equatorial and symmetry-axis orbits, and we shall call those hyperbolic orbits as "bridge orbits" [28, 29] . As increasing δ , periods of equatorial orbit decrease while that of symmetry-axis orbit increases. At each crossing point of the periods (or actions) of repeated equatorial and symmetry-axis orbits, bridge orbit exist to intervene them.
Accordingly, we shall classify periodic orbits in spheroidal power-law potential into the following 4 groups: i) Isolated orbits (K = 0): This group consists of the diametric orbit along symmetry axis (z-axis), denoted "Z", and the circular orbit in equatorial plane, denoted "EC". Orbit EC is stable both in the prolate and oblate sides, whose repeated period-multipling bifurcations generate 3D bridge orbits. Orbit Z is stable in the oblate side and undergoes successive period multipling bifurcations, while its stability alternate in the prolate side with repeated bifurcations which absorb bridge orbits.
ii) Equatorial-plane orbits (K = 1): This corresponds to the equatorial-plane branch of the deformation-induced bifurcation. They have the same shapes as those in spherical potential shown in Fig. 5 . They are denoted E(k, m), where k is the number of vertices (corners) and m is the number of rotation. Diametric orbit is especially denoted "X" (which include the orbits along x axis).
iii) Meridian-plane orbits (K = 1): This corresponds to the meridian-plane branch of the deformation induced bi- furcation. They survive up to any large deformation, keeping their original geometries.
iv) Bridge orbits (K = 1): These orbits emerge from the bifurcations of equatorial orbits. Meridian-plane orbits emerge from diametric orbits and submerge into repetitions of orbit Z. Non-planar 3D orbits emerge from non-diametric equatorial orbits, and they also submerge into the orbit Z. Some of them submerge into other bridge orbit before submerging into Z. The meridianplane bridge intervening mX (m-th repetition of X) and nZ (n-th repetition of Z) is denoted M(m, n). Except for M(1,1) bridge, a pair of stable and unstable bridge orbits emerge, and are denoted M(m, n) s and M(m, n) u , respectively. 3D bridge B(m, m, n) emerge via pitchfork bifurcation of equatorial mEC (m-th repetitions of EC), and submerge into M(m, n) orbit before finally submerge into nZ. The other 3D bridges intervening equatorial E(k, m) and nZ emerges as a stable and unstable pair, and denoted as B(k, m, n) s,u . As increasing deformation, they first submerge into 3D bridge B(m, m, n), which will submerge into M(m, n) and finally into nZ. Figure 16 shows bifurcation diagram for bridge orbit M(1,1) for α = 3.0. The traces of (2 × 2) symmetry-reduced monodromy matrices for relevant periodic orbits are plotted as functions of deformation parameter δ . The K = 1 family of equatorial diameter orbit X undergoes pitchfork bifurcation at δ = −0.34 and a family of oval-shape meridian-plane orbit M(1,1) emerge. In the limit δ → 0, the shape of M(1,1) orbit approaches circle, and it associates with equatorial circular orbit EC to form K = 2 family. At δ > 0 it bifurcates into equatorial EC and meridian M(1,1) family again. The meridian branch submerge into the orbit Z at δ = 0.34 via pitchfork bifurcation. Thus, the orbits M(1,1) make bridge between two diametric orbits X and Z.
In the HO limit, α → 2, the bridge shrinks to a crossing point of X and Z orbits and can exist only at δ = 0 (spherical shape), where they altogether form a degenerate K = 2 family. With increasing α, the bridge orbit exist in wider range of deformation over the crossing point. In the cavity limit, α → ∞, this orbit approaches so-called creeping orbit or whispering gallery orbit, which runs along the boundary.
D. Semiclassical origin of prolate-oblate asymmetry
To see the effect of the above bifurcation to the shell structure, we calculate Fourier transform of level density (2.29) with the obtained quantum spectra. In Fig. 17 , modulus of Fourier transform |F(τ, δ )| is shown in gray-scale plot as a function of deformation δ and scaled period τ. Scaled periods of classical periodic orbits τ β (δ ) are also drawn by lines. One sees nice correspondence between quantum Fourier amplitude and classical periodic orbits. Particularly, one can find significant peaks along the bridge orbit M (1,1) , which indicate that the shell structure in normal deformation region is mainly determined by the contribution of this bridge orbit.
Let us assume that a contribution of single orbit (or degenerate family) β dominate the periodic orbit sum, namely,
Then, the valley lines of level density should run along the curves where above cosine function takes the minimum value −1, namely,
In Fig. 15 , we plot this constant-action curves
for bridge orbit M(1,1). We see that the constant-action lines of the bridge orbit nicely explain the ridge-valley structure in quantum level density. Properties of deformed shell energy minima in Fig. 14 are thus understood as the effect of bridge orbit contribution. For α > 2, bridge orbits appear upward from the crossing point of two diametric orbits X and Z in (δ , τ) plane. Due to the volume conservation condition, orbit Z has larger slope than X orbits. Therefore, the bridge between X and Z orbits have larger slope in prolate side than in oblate side. This explains the origin of prolate-oblate asymmetry in deformed shell structure. For α < 2, bridge orbit appear in opposite side of the crossing point and its slope becomes larger in oblate side. This also explain the nature of valley lines in level density and shell energy for α = 1.1 in Figs. 15 and 14.
E. Superdeformed shell structures
In harmonic oscillator potential model, one sees simultaneous degeneracy of many energy levels at rational axis ratios. Superdeformation is formed under the strong level bunching at axis ratio 2:1. Search of much larger deformation originated from the shell structure at axis ratio 3:1 (sometimes referred to as hyperdeformation) has also been a challenging experimental and theoretical problem. In spheroidal cavity system, one also sees superdeformed shell structure and it is intimately related with emergence of 3D orbits which turns twice around symmetry axis while it oscillate once along symmetry axis, just as the degenerate 3D orbits in 2:1 axially-deformed HO potential [9] . One may expect to have a general semiclassical understandings for the origin of superdeformed shell structures in realistic nuclear potentials by connecting the above two limits with power-law potential model. Figure 18 shows the oscillating part of the coarse-grained level density for radial parameter α = 5.0 and deformation δ around superdeformed region. It clearly show that new regularities in shell structure are formed at superdeformed region. The valley lines are up-going till δ ∼ 0.5, and they bent down Figure 19 is the bifurcation diagram for the orbits relevant to this bifurcation, calculated for α = 3.0. The orbit X undergoes period doubling bifurcation at δ = 0.55 and emerge a pair of bridge orbits M(2, 1) s (stable) and M(2, 1) u (unstable). They have shapes of boomerang and butterfly as shown in Fig. 19 . As increasing δ , those orbits are distorted towards z axis and finally submerge into the orbit Z at different values of δ via pitchfork bifurcations.
For larger α, various equatorial orbits appear as shown in Fig. 5 , and they also undergo bifurcations by imposing deformation. Each of those bifurcation will generate a pair of 3D bridge orbits, which are also distorted towards symmetry axis by increasing δ and finally submerge into Z. Figure 20 shows some 3D bridge orbits important for superdeformed shell structures for α = 5.0. Equatorial circular orbit EC undergoes period-doubling bifurcation which is peculiar to 3D system and generate 3D bridge orbit B(2,2,1). Equatorial orbit E(5,2) undergoes non-generic period doubling bifurcation and a pair of 3D bride orbits (5, 2, 1) s,u emerge. All the above 3D orbits finally submerge into Z orbit by increasing deformation δ . See Appendix A for detailed description of these 3D bridge orbit bifurcations. Figure 21 shows Fourier transform of scaled-energy level density for α = 5.0 around superdeformed region. The scaled period of classical periodic orbits are also drawn with lines. The Fourier amplitude shows remarkable enhancement along the bridge orbits M(2,1) and B(5,2,1), indicating their significant roles in superdeformed shell structures. The constant action lines (4.13) for M(2,1) and B(2,2,1) are shown in Fig. 18 with thick solid and broken lines. They perfectly explain the ridge-valley structures of quantum level densities. It shows the significant roles of bifurcations of M(2,1) and (n, 2, 1) orbits for enhanced shell effect at δ ∼ 0.5 and 0.7, respectively. M(2,1) and (2, 2, 1) orbits shrink to the crossing point of 2X(2EC) and Z orbits in the HO limit, α → 2, and turns a K = 4 degenerate family. As increasing α, the deformation range in which bridge orbit can exist becomes wider. Therefore, the bifurcation deformation of the orbits 2X and 2EC becomes smaller as increasing α and the effect of these orbits take place at smaller deformation. This may explain the experimental fact that deformation of superdeformed band is smaller for heavier nuclei; e.g., β 2 ∼ 0.6 for Dy region and β 2 = 0.4 ∼ 0.5 for Hg region [30, 31] .
V. SUMMARY
We have made a semiclassical analysis of radial power-law potential with spheroidal deformation. We have shown that bridge orbits mediating equatorial and symmetry-axis orbits play significant role in normal and superdeformed shell structures. Particularly, prolate-oblate asymmetry of deformed shell structures, which is responsible for the prolate dominance in nuclear deformations, is clearly understood as the asymmetric slopes of bridge orbits in (δ , τ) plane. This asymmetry grows as increasing radial parameter α, namely, as larger mass number A, which explain the fact that the prolate dominance is more remarkable in heavier nuclei.
Establishing semiclassical method to evaluate contribution of classical periodic orbit bifurcation is also an important subject. Some preliminary results for spherical power-law potential using improved stationary phase method have been reported in [32] . Since nuclear mean field has strong spin-orbit coupling, it is crucial to take account of its effect to analyze realistic nuclei. This will be done in Part. II, where we will expand the model Hamiltonian to incorporate spin-orbit coupling and discuss the nuclear problems which are closely related with spin degree of freedom.
ACKNOWLEDGMENTS
The author thanks K. Matsuyanagi, M. Brack, A.G. Magner, Y.R. Shimizu and N. Tajima for discussions.
Appendix A: Bifurcations of 3D bridge orbits
For a periodic orbit in 2D autonomous Hamiltonian system, one can examine its bifurcation scenario by evaluating the trace of (2 × 2) monodromy matrix as a function of control parameter such as deformation, strength of external field, or energy. 3D orbits in axially symmetric potential has (2 × 2) symmetry-reduced monodromy matrix, but the ignored degree of freedom corresponding to symmetric rotation also play a role in bifurcation. Figure 22 shows bifurcation diagram of periodic orbits responsible for superdeformed shell structures for α = 5.0. The orbit X undergoes period-doubling bifurcation at δ = 0.42 and generate a pair of bridges M(2, 1) u and M(2, 1) s , which submerge into the orbit Z at δ = 0.78 and 0.94, respectively. Equatorial circular orbit EC undergoes period-doubling bifurcation at δ = 0.6 and generate 3D bridge B(2,2,1), which submerge into M(2, 1) s at δ = 0.77 before finally submerge into Z. Since EC is isolated, monodromy matrix has size (4 × 4) and its four eigenvalues consists of two conjugate/reciprocal pairs. One of them are e ±ivc , which represent stability against displacement in equatorial plane, whose values are independent of deformation δ (2EC(1) in Fig. 22 ). The other pair e ±ivz , which represent stability against displacement towards off-planar direction, change their values as function of deformation (2EC(2) in lower panel of Fig. 22 ). Bifurcation occurs when the latter eigenvalues become unity (v z = 0). The monodromy matrix of bridge B(2,2,1) has eigenvalues (e ivc , e −ivc , 1, 1) at its birth, and the first two eigenvalues change as increasing deformation. Therefore, the bifurcation point does not correspond to TrM = 2 for this bifurcation. The orbit B(2,2,1) submerge into M(2,1) at δ = 0.77. This bifurcation point does not correspond to TrM = 2, either. Here, with decreasing δ , the mother orbit M(2, 1)s pushes out a new orbit B(2,2,1) in direction of the eigenvector of M belonging to one of the unit eigenvalues (other than which corresponding to the rotation about symmetry axis).
In general, real symplectic matrix M can be transformed into Jordan canonical form by a suitable orthogonal transformation, and its (2 × 2) sub-block associated with the unit eigenvalue generally has off-diagonal element v:
For finite v, there is only one eigenvector belonging to the unit eigenvalue, corresponding to the direction of symmetric rotation. This off-diagonal element varies as a function of deformation, and vanishes at the bifurcation point, where M acquires a new eigenvector perpendicular to the former one. Here, the symmetry-reduced monodromy matrixM generally does not have unit eigenvalues. This is what occur in the case of a 3D orbit bifurcations in axially symmetric potential, which is not detected from the trace of symmetry-reduced monodromy matrix. 
